
Pressure and Isotropic-Nematic Transition Temperature 
of Model Liquid Crystals 

Siegfr ied Hess and Bin Su 

Institut für Theoretische Physik, Technische Universität Berlin, PN 7-1, 
Hardenbergstr. 36, D-10623 Berlin 

Reprint requests to Prof. S. H.; Fax: +49 30 31421130, E-mail: S.Hess@physik.tu-berlin.de 

Z. Naturforsch. 54 a, 559-569 (1999); received June 1, 1999 

The pressure in the gaseous, the isotropic liquid and nematic liquid crystalline states, as well 
as the isotropic-nematic transition temperature are calculated for a model system composed of 
non-spherical particles. The potential is a generalization of the Lennard-Jones interaction where 
the attractive part depends on the relative orientations of the particles and the vector joining 
their centers of mass. Point of departure is an augmented van der Waals approach. It involves 
a modified Carnahan-Starling expression associated with the repulsive part of the interaction, 
and an orientation dependent second virial coefficient, as well as the orientational distribution 
functions of a pair of particles, linked with the attractive part of the potential. In a high temperature 
approximation, and for a special choice of model parameters, results are presented and displayed 
graphically. 
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1. Introduction 

Recent ly it has been demonst ra ted [1] that an aug-
mented van der Waals theory yields good results, over 
a large density range, for the equat ion of state of the 
L e n n a r d - J o n e s fluid when the short-range repulsive 
part of the interaction potential ( W C A ) [2] is taken 
into account by a modif ied Carnahan-S ta r l ing (CS) 
equat ion of state [3, 4]. Reasonab le es t imates for the 
gas - l iqu id coexis tence and for the critical temperature 
can be made . Here this approach is extended to a cer-
tain type of mode l potentials for molecular l iquids and 
liquid crystals. Es t imates for the i so t ropic-nemat ic 
transition tempera ture are given. Though m a n y details 
are rather different , the theoretical t reatment of liquid 
crystals given here is in the spirit of [5] and [6]. In view 
of the as tonishing variety of chemica l compounds 
showing liquid crystal l ine phases and the complexi ty 
of the m e s o - p h a s e s , the study of new model systems, 
in addition to the well establ ished ell ipsoidal , s p h e r o -
cyl inder [7 - 11] and G a y - B e r n e models , [12, 13] is 
desirable. D u e to its simplicity, the present mode l is 
well suited for computa t iona l studies of the phase be-
havior of liquid crystals in restricted geometr ies [14] 

and of transport processes [15]. T h e need fo r the anal-
ysis of new models for liquid crystals is also reflected 
by recent generalizations of the L e b w o h l - L a s h e r [ 16] 
lattice model [17 ,18] . 

This article is organized as fol lows. In Sect. 2, the 
model potential is introduced. Essentially, it is a gen-
eralized Lennard- Jones potential where the r~6-part 
depends on the relative orientat ions of the axes of 
the interacting molecules and the vector jo in ing their 
centers of gravity. Various types of anisotropy of the 
interaction are taken into account . Then , in Sect . 3, 
the augmented van der Waals express ions for the f ree 
energy and the pressure are presented. A n orientat ion 
dependent second virial coeff icient and the orienta-
tional distribution funct ions of a pair of part icles occur 
in these expressions. The short range repulsive part 
of the interaction is taken into account by a modi f ied 
Carnahan-Star l ing approach. The d i f fe rence be tween 
the f ree energy in the nemat ic and isotropic phases , 
as well as the equil ibr ium al ignment are discussed. 
Finally, for a special case of the non-spher ica l in-
teraction and subject to a high tempera ture approxi-
mation, the pressure in the gaseous, in the isotropic 
liquid and in the nematic liquid crystal l ine phases, as 
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well as the i so t rop ic -nemat ic transition temperature 
are compu ted and displayed graphically in Sect. 4. 
S o m e fo rmulae needed in the calculat ions are given 
in the appendix . 

2. The Model 

A fluid composed of (effectively) axisymmetr ic 
part icles is cons idered . T h e binary interaction poten-
tial $ depends on the relative posit ion vector r jo ining 
the centers of mass of two particles and on the unit 
vectors u\ and speci fy ing the directions of their 
figure axes. In general , the potential can be decom-
posed into an orientat ionally independent spherical 
part # s p h = # s p h ( r ) and a non-spher ica l or anisotropic 
part $ a n i s = <£an is(r, u \ , u 2 ) : 

£ ( r , i z i , < u 2 ) = <£sph + <£anis- (1) 

T h e (uncondi t ional) orientat ional average of # a n i s 

vanishes: (# a n i s )o = 0, where 

(• • -)o = (4TT)-2 J d \ I X / d V - . (2) 

As spherical interaction we choose the Lennard- Jones 
(LJ) potential 

<2>u(r) = 4 ^ o ( ( r / r 0 ) ~ n - ( r / r 0 ) " 6 ) . (3) 

T h e quant i t ies $ 0 and r 0 set the characteristic energy 
and length scales. A characterist ic temperature linked 
with this energy is k^T^f = For Argon, e. g., 
one has Tref = 120 K and ro = 0 .34 nm. The Lennard-
Jones (LJ) potential , cut off in its m i n i m u m and shifted 
such that it is zero at the cu t -o f f distance r c u t was 
used by Weeks , Chand le r and Anderson (WCA) [2] 
as a purely repulsive reference potential . The W C A 
potential is given by 

<2>WCA(r) = 4<2>0 ( ( r / r 0 ) ~ 1 2 - ( r / r 0 ) - 6 ) + <£0, 

r < r c u t = 2 1 / 6 r 0 « 1 . 1 2 2 r 0 , (4) 

and 3>WCA(r) = 0 for r > r c u t . 
In numer ica l calcula t ions and in the graphs dis-

played here, all physical quanti t ies are expressed in 
the standard LJ units of [19 - 25], e . g . lengths and 
energies are given in units of r 0 and When no 
danger of confus ion exists, the dimensionless vari-
ables will be denoted by the same symbols as the 

original quanti t ies. Then the LJ and W C A poten-
tials read <£LJ(r) = 4 (r~12 - r " 6 ) , and <Z>WCA(r) = 
4 ( r " 1 2 - r ~ 6 ) + 1, r < r c u t = 2 1 / 6 , </>WCA(r) = 0 for 
r > r c u t . The n u m b e r density n = N/V and the tem-
perature T are in units of r ^ 3 and respectively. 
The unit for the pressure is 3-

The angle dependence of the anisotropic part of the 
interaction is described in te rms of rotational invari-
ants constructed f r o m irreducible cartesian tensors of 
rank £ depending on the componen t s of the unit vec-
tors u\,u2 and r = r~l r. In cartesian componen t no-
tation, convenient ly normal ized tensors of rank t = 2 
and £ = 4 are 

= C2 U^uJ , lp^\K(u) = (4 U^UVUxUK , (5) 

repectively, with Q = + l ) ! ! /£ ! , in part icular 

= C4 = ^ V 7 Ö . ( 6 ) 

The symbol 777 indicates the symetr ic traceless part 
of a tensor, e. g. for the dyadic constructed f r o m the 
components of two vectors a and b one has 

bv = - ( a M bv + a „ 6m) - -ax bx öM l / , (7) 

where is the unit tensor. T h e summat ion conven-
tion is used for Greek subscripts. Upon the assump-
tion that the anisotropic part of the potential has a 
radial dependence proport ional to that of the long-
range part of the L e n n a r d - J o n e s potential and taking 
into account the first five rotational invariants com-
patible with the head- ta i l symmet ry of nemat ics , we 
make the ansatz 

<£anis = - 4 < M r / r 0 r 6 ^ ( m . u j . f ) , (8) 

&(uuu2,r) = ei yv„(ui)y>MI/(u2) 

(u2 )tpßV(r)] 

+ (9) 

The coefficients e^.. 5, a lso refered to as non-
sphericity or anisotropy parameters, character ize the 
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strenght of the var ious types of anisotropy consid-
ered here. The a n g l e dependent terms in (9) are 
proport ional to the rotat ional invariants S 2 2 0 , S 2 0 2 + 
S 0 2 2 , S 2 2 2 , S 4 4 0 , and S 2 2 4 used by Stone [26], Similar 
tensors and scalar invariants were used in the kinetic 
theory for gases of part icles with spin and scattering 
theory [27], as well as in the theory of the phase behav-
ior [28] and the ca lcula t ion of elasticity coefficients 
of nemat ics [29]. F o r general izat ions, also to other di-
mens ions , see [30]. Fur thermore , not ice that one has 
<P?u (u i ) <p^(u2) = 5 P2(ui • u2) where P2 is the sec-
ond Legendre po lynomia l . The normalizat ion factors 
( i are chosen such that the " square" of the tensors 
of rank £ is equal to 2£ + 1, e.g. i p ^ I U ) = 5. 

T h e M a i e r - S a u p e m o d e l [31] corresponds to the case 
e\ > 0 and e2 = e 3 = e4 = 65 = 0. For u\ = u2 = u, 
(9) reduces to u, r) = ip(u, r) with 

ip(u, r) = 5ej + 9e 4 + 2e2 + 

+ cic4
_1 • (10) 

T h e potential m o d e l for perfect ly oriented particles 
(u = const) presented in [15] and [32] corresponds 
to (10) with 5 e i + 9 e 4 = - 1 , e5 = 0, and e = 2e2 + 
IC2C3 < 0 and e > 0 for prolate and oblate particles, 
respectively. A t ransi t ion f rom the nematic to smectic 
or co lumnar phases occurs for this special system. The 
v iscous behavior in t he vicinity of the phase transition 
has been studied [ 1 5 , 3 2 , 3 3 ] . Here, w e consider fluids 
with variable or ienta t ion and restrict our attention to 
the isotropic and nema t i c phases. 

T h e physical m e a n i n g of the potential model is 
obta ined by cons ider ing the special ee- (end-end) , 
ss- (s ide-s ide) , T-, an d X-conf igurat ions correspond-
ing to the cases u\ = u2 = r, u\ = u2 _L f , 
u\ _L u2 = r, and u\, u2,r mutual ly perpendic-
ular, respectively. In this case, the potential assumes 
the fo rm 

^ = 4 ^ o ( ( r / r o r 1 2 - ( r / r o ) - b E . ) , (11) 

with the coeff ic ients E . . for the main configurat ions 
given by 

5 12 
Eee = 1 + 5ei + 10e2 + - C 2 e 3 + 9e4 + y C^s , (12) 

5 9 
ESS = 1 + 5ei - 5e 2 - ~C2e3 + 9e4 + y ^ e s , 

1.25 1.5 1.75 2.25 2.5 

Fig. 1. The potential curves for the principal orientations 
as functions of the distance r. The physical quantities are 
in standard LJ units. The top and bottom graphs pertain to 
ei = 0.04, e2 = - 0 . 0 4 , and a = 0.04, c2 = - 0 . 0 8 . The 
curves with the deepest and shallowest minima correspond 
to the ss- and ee-orientations, respectively. The thin curve 
is the spherical Lennard-Jones potential. The dash-dotted 
and dashed curves are the potential functions for the T- and 
X-orientations. In the top figure, the T-curve coincides with 
the ee-curve. 

5 5 
5 « 2 -

5 
6 + 

27 

Y € 4 ~ 
9 

14 

5 
2 « i " - 5 e 2 + 

5 
3 + 

27 3 

14 

(13) 

The m i n i m u m of the potential is at rmm = 
ro ( 2 / i ? . ) 1 / 6 , provided that E.. > 0 . T h e well depth 
of the potential in the cor responding conf igura t ion is 
E2 <2>0. 

In the fol lowing, the special case e3 = e4 = 65 = 0 
is discussed in more detail . Then one has 

ET = 1 - (ES S - l ) / 2 , EX = 1 - ( £ e e - l ) / 2 . (16) 
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For "prola te" part icles the s ide - s ide configurat ion is 
energetically favored over the e n d - e n d configurat ion: 
Ess > Ete. Th is is realized for e2 < 0. Likewise, 
oblate part icles are model led by t 2 > 0. The example 
Ete = \/2, Ess = 2, and consequent ly Ej = 1 /2 , 
E\ = 5 / 4 cor responds to e j = 1 / 1 0 and €2 = —1/10. 
Similarly, obla te part icles with Ett = 2, Ess = 1 /2 , 
and consequent ly Ej = 5 / 4 , Ex = 1 / 2 pertain to e\ = 
0 and e2 = 1 / 1 0 . T h e case d = 1 / 1 0 and e2 = 1 / 1 0 
leads to obla te part icles with Ect = 5 / 2 , Ess = 1, and 
consequent ly E j = 1, E x = 1 / 4 . 

Example s fo r potential curves with particles in the 
principal or ienta t ions discussed above are displayed 
in Fig. 1 as func t ions of the dis tance r. The top and 
bot tom figures pertain to e\ = 0 .04,62 = - 0 . 0 4 and 
e\ = 0 .04, e2 = - 0 . 0 8 . The curves with the deepest 
and shal lowest m i n i m a correspond to the s ide - s ide 
(ss) and e n d - e n d (ee) orientat ions, respectively. The 
thin curve is the spherical L e n n a r d - J o n e s potential , 
shown for compar i son . The dash-do t t ed and dashed 
curves are the potent ia l func t ions for the X- and T-
orientat ions. Fo r e2 = — ei , as in the top figure, the 
T-curve coincides with the ee-curve. 

T h e energet ic s i tuat ions for particles in the princi-
pal relative or ientat ions depicted in Fig. 1 can be re-
garded as characteris t ic for nematogenic molecules . 
These molecules , however , have a typical length to 
width ratio of about 3 which is significantly larger 
than that one inferred f r o m the posi t ions of the min-
ima of the ee- and ss-potential curves in Figure 1. 
Thus when one compares with real substances, the 
non-spher ica l part icle used here should be identified 
with a small cluster of strongly correlated or asso-
ciated molecules , packed side by side, rather than a 
single molecu le . 

Let n = N/V be the n u m b e r density of the fluid of 
N particles confined to the vo lume V. T h e f ree energy 
F = F ( 7 > ) = N f ( T , n ) , where / = / ( T , n ) is the 
free energy per particle, is written as F = Fkin + For + 
F p o t , and / = / k i n + / o r + p o t . The k ine t ic and ori-
entational contributions are / k i n = fcBT'(ln(nA3) - 1) 
where A ~ T 1 / 2 is the thermal de Brogl ie w a v e length, 
and 

f0I = kBT j p\n(p/p0)d2u. (17) 

Here, p = p{u) is the orientational one -pa r t i c l e distri-
bution funct ion with the normalizat ion f p d 2 u = 1. 
The random orientation of an isotropic fluid corre-
sponds to po = (47t) _ 1 . 

The pressure is obtained f rom the f r e e energy ac-
cording to 

In general, p is a sum of the kinetic contr ibut ion pkm = 
n kßT and the potential contribution ppot associated 
with / p o t which, in general , depends on the average 
orientation of the particles. 

The potential used here can be v iewed as a sum 
of the short range W C A potential and a long range 
"distort ion" potential 

= $ _ < £ w c a (19) 

The potential contributions to the f ree energy and 
pressure can be decomposed accordingly: 

j p o t = y W C A + J d i s ; pPot = p W C A + p d . s ( 2 0 ) 

3. Free Energy a n d Pressure 

3.1. General Remarks 

Just as the total internal energy is a sum of the 
average kinetic and potential energies, most thermo-
mechanica l proper t ies are composed of kinetic and 
potential contr ibut ions . The first one is of ten referred 
to as ideal gas contribution, the latter ones are some-
t imes also called excess quantities or configurational 
contributions. T h e entropy, and consequent ly the f ree 
energy of nonspher ica l part icles also contains an ad-
ditional ideal, i.e. s ingle particle contr ibution, associ-
ated with the orientat ion of the particles. 

For spherical particles, several Per tubat ion schemes 
have been devised for the calculation of the distortion 
parts [2, 34, 35], With a good express ion available 
for the W C A parts, it has been demons t ra ted that a 
s imple educated guess for pd l s gives surpris ingly good 
results for the pressure of the LJ gas and liquid [1]. 
Before this approach is general ized to the anisotropic 
potential funct ions discussed above, s o m e remarks 
are made on the W C A reference sys tem. 

3.2. WCA Fluid as Reference System 

For hard spheres with diameter d, the Carnahan-
Starling (CS) expression [4] for the pressure , which 
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fits s imulat ion data over the entire density range of 
the fluid phase rather well , implies / p o t = / c s := 
kBT{nBhs /(1 -nv)+[nv/(I - n v ) ] 2 }. Here Bhs = Av 
and v = (7t /6) d? are the second virial coefficient and 
the vo lume of a part icle . Fo r a fluid of particles with a 
sho r t - r ange repuls ive interact ion <j>(r) like the W C A 
potent ial , the C S express ion for / p o t is modif ied by 
using the virial coeff ic ient £ W C A = 5 W C A ( T ) for the 
W C A potent ia l . Fo r spherical particles, in general, the 
second virial coeff ic ient is computed according to 

r OO 

B2(T) = 2tt / (1 - exp(-0(r) / fcBr)) r2 dr. (21) 
Jo 

Fur thermore , in the modi f ied CS expression, the 
vo lume v is replaced by an effect ive t empera tu re -
dependen t v o l u m e v e f f (T) , given by 

v e f f ( T ) = (7r/6) d l f f , (22) 

with the e f fec t ive d iamete r deff = d e f f ( T ) determined 
by the d is tance whe re the binary interaction potential 
is equal to the thermal energy 

</>(de ff) = kBT. 

This impl ies , fo r the W C A potential , 

(23) 

This expression for the pressure agrees very wel l with 
compute r simulation data [3], available in the densi ty 
range 0. lr^" < n < 1. l r ^ 3 and fo r the tempera tures 
T = 0 .5T r e f , T r ef , 2T r e f , where T r e f = <P0/kB. A sim-
ilar remark applies to the internal energy c o m p u t e d 
f rom (25). The densi t ies rif\ and nso where the fluid 
phase coexists with the fee solid phase, at T = T r ef , 
are n f l = 0.91rQ 3 , n s o = 0 . 9 1 t q 3 . 

3.3. Augmented van der Waals Approximation 

The potential contr ibut ion to the pressure of the 
model system is writ ten as ppot = p W C A + pdiS. T h e 
simplest choice for the distort ion part of the pressure 
is the augmented van der Waals expression [1], 

pdis = kBTn2 ( B - B w c a ) , (27) 

with the orientat ionally averaged virial coeff ic ient 

B ^ J / B ^ - u ^ U M U M U , (28) 

and the orientation dependent coeff ic ient 

B(uvu2)=l-J(1-exp(-$(r,uuu2)/kBT)) d3r . 

(29) 

The orientational distr ibution is writ ten as 

VefKT) = T ro ( 2 / ( l + {kBT/$o)1/2) ) 1 / 2 . (24) P(«> = Po (1 + X ( « ) ) , Po = (4TT) 1 (30) 

Not ice that ß W C A ^ 4v eff , in contradist inction to 
hard spheres , w h e r e one has B = Av. The difference 
be tween ß W C A / 4 and veff is not large but crucial for 
the qual i ty of the fit for the pressure data [3]. The 
f requent ly used r ecommenda t ion of Barker and Hen-
derson [35] fo r the computa t ion of an effect ive diam-
eter yie lds an ef fec t ive vo lume which is jus t slightly 
smal ler than ß W C A / 4 but larger than the veff em-
ployed here. 

T h e potent ial contr ibut ion to the f ree energy of the 
W C A sys tem is 

/ W C A = ^ ( f Z ^ + U Z e Z U ) . (25) 
V 1 - n v t f f ( T ) vi - nVcff(T)/ 7 

T h e resul t ing potent ia l contr ibution to the pressure of 
the W C A fluid is 

(26) 
V(1 - nv e f f ) ( l - T W e f f ) 3 / 

where \ ( u ) is a measure fo r the deviat ion of p f r o m 
its value po in the isotropic state. The average virial 
coefficient evaluated for an isotropic state is BiS0 = 
(B)o- Then (27) can be decomposed into parts which 
are non-zero in an isotropic state and contr ibut ion 
associated with an average molecu la r a l ignment as 
occurr ing in the nemat ic phase : 

„dis _ dis , dis 
P ~ Piso + Malign (31) 

= kBTn2 (Biso - ßWCA) + kBTn2 H 
with 

H = ([B(ui • u2) - Blso] x ( u i ) x ( « 2 » o . (32) 

This expression for the quant i ty H is equivalent to 

H = - - ( 47r) 2 J J J cams(r,uuu2)x(ui)x(u2) 

du\d2u2d3r. (33) 
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The anisotropic part of the direct correlation funct ion 
Canis here is given by 

c a n j s ( r , ZL\ , 112) = (34) 
^anis ^anis <|jsph 

[ ( e x p ( - — ) ) „ - e x p ( - — ) ] e x p ( - — ) . 

As before , ( . . .)o indicates an orientat ional average 
in an isotropic state. 

Equat ion (27) guarantees the correct behavior of 
the pressure in the low densi ty limit. However , it is 
also a good approximat ion for high densit ies since 
the high densi ty behavior is domina ted by the W C A 
part. T h e pressure p = nkBT + p W C A + pdls with pdls 

given by (27) is referred to as the augmented van der 
Waals equat ion of state. Not ice that one has BlS0 = 
Bsph + B?™s whe re J5sph is the virial coeff icient for the 
spherical potent ia l , and Bf™s is the contribution to the 
virial coeff ic ient in the isotropic state associated with 
the anisotropic part of the potential . This quanti ty is 
given by 

B E - . - / ( ! - ( „ p ( - _ ) > 0 ) e x p ( - — ) d Y 

(35) 

3.4. Free Energy and Equilibrium Alignment 

The distort ion part of the f ree energy pertaining to 
the pressure (27) is 

/dls = n kBT ( B - ß W C A ) = / £ + n kBT H, (36) 

in analogy to (31) and with H given by (32) or (33). 
The equi l ibr ium a l ignment of the molecules van-

ishes in the isotropic phase , but it is finite in the 
nematic phase . T h e a l ignment , in principle, can be 
computed f r o m the condi t ion 8 / / b p ( u ) = 0, which 
implies ln p(u) ~ —2n f B(u-u2)p(u2)d2u2.1nstead 
of solving this equat ion, subject to the normalizat ion 
condit ion for p, one may cons ider the f ree energy as 
a funct ion of the relevant a l ignment tensors of rank 
£ and calculate their equi l ibr ium values by min imiz-
ing the f ree energy. For liquid crystals, the second 
rank a l ignment tensor aßlf, f requent ly also denoted 
by Qfiu, p lays the role of an order parameter . This 
tensor is def ined by 

where ( . . . ) indicates an orientat ional average evalu-
ated with the distribution funct ion p(u). H igher rank 
tensors, e.g. of rank £ = 4 , 6 , . . . are def ined analo-
gously. The equil ibrium al ignment is to be inferred 
f rom df /daßU = 0, and f rom similar relat ions in-
volving the higher rank tensors. T h e a l ignment ten-
sors specify the relative deviation \ = (P ~ Po)/po of 
the orientational distribution f r o m its isotropic value. 
More specifically, the expansion with respect to the 
orthonormalized expansion tensors </?... (5) reads 

X(u) = (p - po)/po (38) 

= a '/X V + \K<pßLS\K(u) + . . . . 

The expansion coefficients are the above men t ioned 
£-\h rank al ignment tensors which are def ined in anal-
ogy to (37). Here we disregard all tensors of rank 
£ > 6. Insertion of the expansion fo r the distr ibution 
funct ion into the expressions for the f r ee energy leads 
t 0 / = / i so + /al ign- The part of the f ree energy, asso-
ciated with the a l ignment (it vanishes in an isotropic 
state), is given by a L a n d a u - d e Gennes type expres-
sion [28] 

= 2^2 — ^ V6^o a^a^xax^ 

1 2 1 
+ + - A 4 V a k (39) 

- -VlÖDoaßiyax^aßl/XK +••• • 

The coefficients Bo = V5/7, C0 = 5 / 7 , and D0 = 
3 / 7 , already presented in [28], s tem f r o m the s ingle 
particle orientational entropy f o r , cf . (17). T h e coeff i -
cients A2 and A4 also contain contr ibut ions involving 
the interaction of the particles, viz. 

A2 = 1 -n^ J{canis(r,ui,u2)(p^(ui)(pfn/(u2))o 

• d3r, (40) 

and 

A4 = 1 - 7 1 - J { ( ^ ( r , u i , U 2 ) ( p ß v \ K ( u i ) i p ß V \ K ( u 2 ) ) o 

(37) • d r . (41) 



S. Hess and B. Su • Pressure and Transition Temperature of Model Liquid Crystals 565 

0.6 
S2 

n = 0.7 

0.5 

0.4 

0.3 

0.2 S4 ^ 

0.1 

0.95 1.05 
T 

1.1 1.15 

Fig. 2. The order parameters S2 and S4 as functions of the 
temperature for the reduced number density n = 0.7. The 
anisotropy parameters for the potential function are ei = 
0.04, C2 = —0.08. The physical quantities are in standard 
LJ units. 

In the nemat ic phase in equi l ibr ium, the a l ignment is 
uniaxial . This means that the a l ignment tensors are 
proport ional to tensors composed of the components 
of the (space fixed) unit vector n , which is referred to 
as director. In particular, one has 

anv — Y 2 a2 nM ' — a2 1 (42) 

where the magn i tude of the second rank tensor is 
proport ional to the M a i e r - S a u p e order parameter 
S2 = < Pi(u • n) > , viz. ü2 = y/5 S2. Similar re-
lations hold true for the forth rank a l ignment tensor. 
Its magni tude 04 is l inked with S4 =< P^iu • n) > 
according to 0,4 = 3 S4. With this notat ion, the free 
energy (39), in a uniaxial state, reduces to [28] 

— DQ a 2 <24 + (43) 

Minimizat ion of this a l ignment f ree energy leads 
to a 4 = ( D o / A 4 ) a 2 , provided that A4 > 0, and 

a2 = 0 or a2 = (B0/2C)(\ + YJ 1 - 4A2C/B2), 
depending on whether the temperature and density 
dependent coeff ic ient A 2 is larger or smaller than 
Ak = 2Bl/(9C). Here , the coefficient C is given 
by C = Co — 2D\!A4. At the temperature TK where 
the isotropic phase coexists with the nemat ic phase, 
the magn i tude of the second rank a l ignment tensor is 

equal to ak = 2Bo/(3C). This cor responds to S2 = 
( 2 / 1 5 ) ( l - (\%/35)MTK)~1)~1 > 1 4 / 5 1 « 0 .28 , 
at the transition temperature. T h e inequali ty fo l lows 
f rom A4 < 1. The value 2 7 / 3 5 for A4(TK) impl ies 
S2 = 0 .4 which is typical for many nemat ics jus t 
below the transition temperature. To provide an ex-
ample, the order parameters S2 and S4 are shown in 
Fig. 2 as funct ions of the temperature , for the n u m b e r 
density n / n r e f = 0.7. The anisotropy parameters for 
the potential funct ion are e\ = 0 .04, = - 0 . 0 8 . T h e 
curves have been computed in the "h igh tempera ture 
approximat ion" to be discussed below. 

The pseudo-cr i t ical temperature T* where one has 
A2 = 0 is slightly smaller than the transition temper-
ature. The calculation of T*, to be presented later, 
provides a lower bound on the transition tempera ture . 
The the pase behavior and the pressure in the vari-
ous phases are studied next, subject to reasonable and 
manageable approximations. 

4. Gas, Liquid and Nemat ic Liquid Crystal 

In order to obtain reasonable es t imates for the tran-
sition temperature and for the pressure in the isotropic 
and nematic phases, a "high tempera ture approx ima-
tion", with respect to the anisotropic part of the in-
teraction potential, is used in the fo l lowing. M o r e 
specifically, e x p [ - ^ a n i s / A : B ^ ] is expanded up to sec-
ond order in anis/kßT; the spherical part of the in-
teraction potential, however, is taken into account in 
all orders. 

4.1. High Temperature Approximation 

The coefficients A2 and A4 ocurr ing in the f ree 
energy are computed next, with canis replaced by the 
high temperature approximat ion: 

- ^ms(kBT)~l + i((£anis)2 

- (0Z>ams)2)o)(fcBT)~2] exp(—^ s p h / f cBT) . (44) 

Insertion of this expression into (40) and (41), with 
the anisotropic part of the potential given by (8) and 
(9) yields 

T Tz n2 

A a ~ 1 T T 2 " 1 714 

(45) 
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Fig. 3. The integrals I\ and Ii as functions of the temperature 
(in reduced units). 

The characterist ic quanti t ies T\, T 2 , T4, Z42, which 
have the d imens ion of a temperature, are deter-
mined by 

kBTl/$0 = elnr3Iu (kBT2/<P0)2 = e22nr3 J 2 , (46) 

5 9 2 5 2 2 
^22 = + e 2 - —e3 + -C2C2C3 

90 18 18 
(47) 

+ 7 7 € 4 + 4 9 € 5 + T e i e 4 ' 

and 

kBT4/$0 = e 4 n r 3 / ! , (kBT42/<P0)2 = e42nr3I2, (48) 

« « = + 42*3 + 
729 100 

1 0 0 i e 4 + 9 8 e 5 + ^ 7 6 l 6 4 ( 4 9 ) 

The d imens ionless quanti t ies 7j , / 2 are abbreviations 
for 

= 4 r 0 - 3 j C r / r 0 ) - 6 e x p ( - £ L 7 W d 3 r , (50) 

h = 16r0-3 J(r/r0)-uexV(-$u/kBT)d3r. 

The characteris t ic number densities n2 and 714 are 
de termined by 

- 1 
n 2 = r 0 - 3 ( ( ^ o / f c B T ) c i / , + ($o/kBT)2e2212) , (51) 

- 1 

where 63 = €4 = €5 = 0. The dependence of the quan-
tities / 1 ,1 2 on T is shown in Figure 3. 

4.2. Estimate for the Isotropic-Nematic Transition 
Temperature and Density 

When the tempera ture dependence of T\,T2 is ig-
nored, the pseudo-cr i t ica l temperature T* inferred 
f rom A2 = 0 is, for e\ > 0, given by 

T* = -Ti ( l + (1 + 4 T 2
2 / T , 2 r 1 / 2 ) . (53) 

For e\ = 0, but e2 4 0 one has T* = T2. An order 
of magni tude es t imate of the dependence of T* on 
e\ and e2 is obta ined with I\ « 30, I 2 « 50 (at the 
reduced temperature T = 1 one has I\ = 3 1 . 7 and 
I2 = 52.9, cf. Fig. 3), and for nr3

0 = 0 .67: 

r « 1 0 e , ( l + ( l + i ( l + I ( J ) - | / 2 ) . (54) 

n 4 = Tq ((^>o/kBT)e4I\ + ($0/kBT)2e42I2) . (52) 

Formulas given in the appendix have been used. In 
the fo l lowing, the consequences of the high tempera-
ture approximat ion are exploi ted for the special case 

This leads to T* « 2 2 , 2 5 , 2 8 eY for e2/ex = 
0 , - 1 , - 2 . Thus the transition tempera ture is mainly 
determined by T h e value for e\ = 0 .04 implies a 
reduced transition temperature « l . A nonzero value 
of e2 leads to an increase of T*. In Fig. 6, the thick 
line on the right indicates where one has A2 = 0, in 
the tempera ture-dens i ty plane, for a specific choice 
of the non-spher ic i ty parameters . 

4.3. Shift of the Critical Temperature 

Of course, the van der Waals theory cannot descr ibe 
correctly the fluctuation-dominated behavior in the 
immedia te vicinity of the critical point of a real fluid. 
Nevertheless, es t imates of the critical tempera ture and 
density, Tc and n c , f r o m mean- f i e ld theory are qui te 
useful . The s imple augmented van der Waals equat ion 
of state with the distortion part of the pressure given 
by (27) implies T c « 1.28T r ef, n c « 0 .25n r e f , and 
pc/(nckBTc) ~ 0 .33 for the LJ fluid. 

A shift of Tc due to an anisotropic potential is 
caused by 5f s" l s 4 0. In the high tempera ture approx-
imation with respect to the anisotropic part of the in-
teraction, in the spirit of the Ba rke r -Pop le expansion 
[36, 37], one obta ins 

Bl _ i j((<panis/kBT)2)o e x p ( — # s p h / k B T ) d 3 r 

= -eo2($o/kBT)2r3
0I2 (55) 
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Fig. 4. The pressure in the isotropic state as function of 
the density for the reduced temperatures T = 1.38 (left) 
and 1.28 (right) for the model system with e\ = 0.04, e2 = 
- 0 . 0 8 . The dashed curves pertain to the Lennard-Jones 
liquid. The higher temperature is the critical temperature 
of the model liquid crystal, the lower one is the critical 
temperature of the LJ-fluid. The physical quantities are in 
standard LJ units. 

with 

5 2 35 2 5 9 2 , 9 2 e0 2 = 4 ef + 2 e 2 + ^ ^ + - C2 e2 e3 + - + 4 (56) 

Again , fo rmulas given in the appendix have been 
used. An es t imate for ßf s" l s is given for the spe-
cial case €3 = 64 = 6 5 = 0. With I 2 ~ 50 and 
d = 0 .05, one finds B?™/r2

0 « - 1 / 6 , - 1 / 2 , - 3 / 2 
for €2/61 = 0 , - 1 , —2, respectively. In the expression 
for the pressure, these number s for -Bfs"ls have to be 
compared with Bsph - £ W C A « - 6 r $ , for the LJ 
potential . No t i ce that Bf™s < 0 leads to an increase 
of both the critical t empera ture and density. Specific 
examples for pressure curves in the isotropic phase of 
the mode l liquid crystal with e\ = 0 .04, e\ = —0.08, 
are displayed in Fig. 4, together with the pressure 
for the LJ - f l u id (dashed curves) . The temperatures 
have been chosen such that they correspond to the 
critical t empera tures of the l iquid crystal and of the 
L J - s y s t e m , viz. T / T r e f = 1.38, (left) and 1.28 (right), 
respectively. 

4.4. Pressure in the Isotropic and Nematic Phases 

The present approach al lows the calculation of the 
pressure both in the isotropic and nematic phases. 
In the first case, the pressure is plS0 = p W C A 

n2 kBT(Bsph - £WCA) + n2 kBT, B^gn, in the sec-
ond case, one has the pressure p n e m = plS0 + pfjfgn 
with 

p f c . — i » l * T ( £ « § • £ « ä ) . (57) 

Fig. 5. The pressure in the isotropic and nematic phases as 
function of the density for the reduced temperatures T = 
1.12, 1.10 (top) and T = 1.08, 1.06 (bottom) for the model 
system with e\ = 0.04, ti = —0.08. The dashed curves are 
for the Lennard-Jones liquid. The physical quantities are in 
standard LJ units. 

In Fig. 5 the pressure curves for the isotropic and 
the nematic phases are displayed as func t ions of the 
density for the temperatures T/Tref = 1 . 1 2 , 1 . 1 0 (top) 
and T / T r e f = 1.08, 1.06 (bot tom). The mode l sys tem 
studied is charcterized by e\ = 0 .04,62 = —0.08. 
The dashed curves, shown for compar i son , are for 
the LJ fluid. In all four figures, the outer mos t curves 
pertain to the nematic phase . For a given pressure, 
the density in the nematic phase is h igher than in the 
isotropic phase . Not ice that at the higher tempera tures 
(top), the nemat ic state can only be reached at a finite 
pressure, whereas at the lower tempera tures (bot tom), 
the nematic and isotropic phases can coexis t at zero 
pressure. 

4.5. A Qualitative Phase Diagram 

The limits of stability of the gas and of the isotropic 
liquid as inferred f rom the spinodal whe re one has 
dp/dn = 0, and f rom p = 0, are indicated in Fig. 6, 
in the tempera ture -dens i ty plane, for the mode l fluid 
with the non-spher ic i ty parameters t \ = 0 .04 ,62 = 
—0.08. T h e thick line on the right marks the locus 
where the coefficient A2 in the f ree energy vanishes, 
which is close to the i so t rop ic -nemat ic phase tran-
sition. Even without a detai led analysis of the f ree 
energy which would require a Maxwe l l const ruc-
tion for coexist ing states, the curves shown provide a 
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Fig. 6. Phase diagram for the model system with e\ = 
0.04, e2 = - 0 . 0 8 . The thick line on the right marks the 
pseudo-critical temperature where the coefficient Ai van-
ishes. The other curves indicate the limits of stability in 
the isotropic phase as infered from the spinodal where 
dp/dn = 0 (n < 0.4) and from p = 0 (n > 0.4). The 
physical quantities are in standard LJ units. 

quali tat ive phase d iagram indicat ing for which tem-
peratures and densi t ies a gas, an isotropic liquid or a 
nemat ic liquid crystal l ine phase is expected. 

5. C o n c l u d i n g R e m a r k s 

In this article, the augmented van der Waals ap-
proach has been ex tended to a specific type of n o n -
spherical interaction potential . For a special case, ex-
plicit express ions have been obtained and displayed 
graphical ly for the pressure in the gaseous, in the 
isotropic liquid and in the nemat ic liquid crystall ine 
phases, as well as for the i so t rop ic -nemat ic transi-
tion temperature . It is expected that the liquid crystal 
mode l considered here also possesses smectic phases. 
Thei r possible occurrence , in part icular the phase tran-
sition n e m a t i c - s m e c t i c A can be studied by similar 
methods . 

T h e mode l potential introduced in Sect. 2 is well 
suited for numer ica l studies of equi l ibr ium and n o n -
equi l ibr ium mater ia l propert ies of liquid and liquid 
crystal l ine substances, both in bulk and in restricted 
geometr ies . The considera t ions presented here can 
serve as guide l ines for the choice of model param-
eters and state variables even when the mean field 
theory, together with the approximat ions discussed 
above, has only a l imited quanti tat ive accuracy. Of 
course, also fur ther analytic calculat ions are desir-

able, in particular the computa t ion of the Frank elas-
ticity coefficients and of interfacial propert ies a long 
the lines indicated in [38], 
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Appendix: Directional Averages 

The averages of the quanti ty def ined in (9), and 
of over the unit vector r , needed in the previous 
calculations, are: 

(4TT)'1 j V(uuu2,r)d2r = elipßU(ul)(pßl/(u2) (58) 

+ t4Vnv\K(ui)ipßl/XK(u2) = e\5P2 + e4 9 P4 , 

(47t ) - 1 J(!P(ui, u2, r ) ) 2 d 2 f = e ? ( w ( u i ) i p ^ ( u 2 ) ) 2 

+ 2el (5 + < p M I / ( u i ) ^ ( u 2 ) ) 

+ €3 <ppv(ui)tpv\(u2) I)<PW(u2) 

+ 2 e 2 e 3 + <Pn\(ui)vxu(u2) 

i/A/C (U2)Y (59) 

+ e5 (pßV(ui)ipxK(u2) Vnviux) IPXK(U2) 

+ 2e 1 €4<paß(u 1 )ipaß(u2)pßlyxK(u [ )<PpU\K(u2) 

= e 2 ( 5 P 2 ) 2 + 1 0 e 2 ( l + P 2 ) 

+ €3(25/12) (2 P 2 — P 2 + 1) 

+ 2 e 2 e 3 ( 1 0 / 3)C2 ( 1 + P 2 ) + 4 (9 P4) 2 

+ e ^ ( 5 / 1 4 ) ( P 2
2 + 10P 2 + 25) + 9 0 e i e 4 P 2 P 4 . (60) 

The Legendre polynomials occurr ing here depend on 
u\ u2. Fur thermore, the relat ions (P 2 )o = (P4)0 = 
<P 2P4)o = 0, ( P 2 ) 0 = 1 /5 , ( P 2 ) o = 1 / 9 , ( P 2 ) o 
= 2/35, ( P 4 P 2 ) o = 2 / 3 5 , ( P 2 P 4

2 ) 0 = 2 0 / 6 9 3 , and 
(P4

3)o = 18 /1001 are used to obtain the express ions 
(46) and (48). Not ice that P2

2 = (18/35) P 4 + (2/7) P . 
+ 1/5. 
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